


































Sappiamo che se g(t) = e−pit
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Derivative theorem If f ∈ L1(R) is a differentiable function, then
Ff ′(s) = 2pi isFf(s)
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and integrate by parts.
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Derivative theorem If f ∈ L1(R) is a differentiable function, then
Ff ′(s) = 2pi isFf(s)





and integrate by parts.
Formulæ for higher derivatives also hold, and the result is:
Ff (n)(s) = (2pi is)nFf(s)
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Convolution The convolution of two functions g(t) and f(t) is the
function
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function




Observe that (g ? f)(t) = (f ? g)(t).
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Convolution The convolution of two functions g(t) and f(t) is the
function




Observe that (g ? f)(t) = (f ? g)(t).
Theorem
F(g ? f)(s) = Fg(s)Ff(s)
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Proof Use Fubini’s Theorem:






Proof Use Fubini’s Theorem:














Proof Use Fubini’s Theorem:






















Proof Use Fubini’s Theorem:































Proof Use Fubini’s Theorem:





























putting t− x = u =⇒ dt = −du
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Let us solve, for example, the following ordinary differential equation
u′′ − u = −f




Let us solve, for example, the following ordinary differential equation
u′′ − u = −f
f(t) is a given function and you want to find u(t).
Take the Fourier transform of both sides:




Let us solve, for example, the following ordinary differential equation
u′′ − u = −f
f(t) is a given function and you want to find u(t).
Take the Fourier transform of both sides:
(2pi is)2Fu−Fu = −Ff


























The right hand side is the product of two Fourier transforms. There-
















The right hand side is the product of two Fourier transforms. There-
















0 se t ≤ 0e−t se t > 0
Dimostrare che





0 se t ≤ 0e−t se t > 0
Dimostrare che
f ? f(t) = tet
Esercizio Se a > 0
f(t) =
e−ta se t ≥ 00 se t < 0
Dimostrare che
f ? f(t) = te−at
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Esercizio Se a > 0, b > 0, a 6= b
f(t) =
e−ta se t ≥ 00 se t < 0 g(t) =
e−tb se t ≥ 00 se t < 0
Dimostrare che





Another interesting property is:




A partial differential equation (PDE) is a relation that involves partial
derivatives of an unknown function. Let the unknown function be
u, and x, y, z, . . . be independent variables, i.e., u = u(x, y, z, . . .).
Often, one of these variables represents the time.




A partial differential equation (PDE) is a relation that involves partial
derivatives of an unknown function. Let the unknown function be
u, and x, y, z, . . . be independent variables, i.e., u = u(x, y, z, . . .).
Often, one of these variables represents the time.
F (x, y, z, u, ux, uy, uz, uxx, uxy, · · · , uxxx, · · · ) = 0. (pde)







, · · ·
We will always assume that the unknown function u is sufficiently
well behaved so that all necessary partial derivatives exist and corre-
sponding mixed partial derivatives are equal
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As in the case of ordinary differential equations, we define the order
of (pde) to be the highest order partial derivative appearing in the
equation. Furthermore, we say that (pde) is linear if F is linear as
a function of the variables u, ux, uy, uz, uxx, · · · , i.e., F is a linear
combination of the unknown function and its derivatives.
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As in the case of ordinary differential equations, we define the order
of (pde) to be the highest order partial derivative appearing in the
equation. Furthermore, we say that (pde) is linear if F is linear as
a function of the variables u, ux, uy, uz, uxx, · · · , i.e., F is a linear
combination of the unknown function and its derivatives.
The following are examples of partial DEs:
ux + uy = 3uz − 2x2 − 5z first order linear
uxx + uy = x
2 second order linear
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By a solution of (pde) we mean a continuous function u = u(x, y, z, · · · ),
with continuous partial derivatives, which, when substituted in (pde),
reduces equation (pde) to an identity.
For instance u(x, t) = xex−t solves ut = uxx − 2ux
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By a solution of (pde) we mean a continuous function u = u(x, y, z, · · · ),
with continuous partial derivatives, which, when substituted in (pde),
reduces equation (pde) to an identity.
For instance u(x, t) = xex−t solves ut = uxx − 2ux
Example For the first-order partial DE for the unknown u = u(x, y)
ux + uy = 0
it is possible to show that u = φ(x−y) where φ is any function having
continuous first-order partial derivatives is a solution. Indeed, since
ux = φ
′(x− y) and uy = −φ′(x− y)
it immediately follows that ux + uy = φ
′(x− y)− φ′(x− y) = 0
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The heat equation Besides this equation arises in Mathematical
Physics it is of interest in Mathematical Finance also. We deal with
the partial differential equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
we assume u and ux finite as |x| → ∞, t > 0 and both f(x) and
u(x, t) are defined for −∞ < x < +∞.
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The heat equation Besides this equation arises in Mathematical
Physics it is of interest in Mathematical Finance also. We deal with
the partial differential equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
we assume u and ux finite as |x| → ∞, t > 0 and both f(x) and
u(x, t) are defined for −∞ < x < +∞.
Knowing the Fourier transform of the Gaussian is essential for the
treatment we are about to give. The idea is to take the Fourier trans-
form of both sides of the heat equation, “with respect to x” thinking
t as a “parameter”
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or, introducing the heat kernel








H(x− y, t) f(y)dy
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The heat equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)













or, introducing the heat kernel








H(x− y, t) f(y)dy
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The Fourier transform of the right hand side of the equation (H),
uxx(x, t), is
Fuxx(s, t) = (2pi is)2Fu(s, t) = −4pi2s2Fu(s, t)
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The Fourier transform of the right hand side of the equation (H),
uxx(x, t), is
Fuxx(s, t) = (2pi is)2Fu(s, t) = −4pi2s2Fu(s, t)
For the left hand side, ut(x, t), we do something different. We have
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uxx(x, t), is
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
This is a differential equation in t, an ordinary differential equation,
despite the partial derivative symbol, and we can solve it:
Fu(s, t) = Fu(s, 0) e−4pi2s2t
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
This is a differential equation in t, an ordinary differential equation,
despite the partial derivative symbol, and we can solve it:
Fu(s, t) = Fu(s, 0) e−4pi2s2t




u(x, 0)e−2pi isxdx =
∫ +∞
−∞
f(x)e−2pi isxdx = Ff(s)
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Putting it all together
Fu(s, t) = Ff(s) e−4pi2s2t
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Putting it all together
Fu(s, t) = Ff(s) e−4pi2s2t
We recognize that the exponential factor on the right hand side is the
Fourier transform of the heat (Gaussian) hernel



















We then have a product of two Fourier transforms
Fu(s, t) = Ff(s)FH(s, t)
and we invert this to obtain a convolution in the x domain u(x, t) =













We then have a product of two Fourier transforms
Fu(s, t) = Ff(s)FH(s, t)
and we invert this to obtain a convolution in the x domain u(x, t) =











The function H(x, t) is also called Green’s function, or fundamental
solution for the heat equation.
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This technique applies also to the problemut(x, t) = cuxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(Hc)
where u and ux finite as |x| → ∞, t > 0
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This is not surprising since, if we assume that u(x, t) solves ut = cuxx,




This is not surprising since, if we assume that u(x, t) solves ut = cuxx,








This is not surprising since, if we assume that u(x, t) solves ut = cuxx,











This is not surprising since, if we assume that u(x, t) solves ut = cuxx,








c uxx(x, t/c) = uxx(x, t/c)
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This is not surprising since, if we assume that u(x, t) solves ut = cuxx,








c uxx(x, t/c) = uxx(x, t/c) = wxx(x, t)
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This is not surprising since, if we assume that u(x, t) solves ut = cuxx,








c uxx(x, t/c) = uxx(x, t/c) = wxx(x, t)
That is we can assume without loss of generality c = 1 and concern
only with ut = uxx
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Remark The heat kernel H(x, t) is defined for t > 0 only and is an
odd function of x
































 0 x 6= 0+∞ x = 0




=⇒ dx = √4t dq which implies∫ +∞
−∞









Eventually to obtain iii) when x 6= 0 we change variable putting s = 1
t
and we use Hospital rule
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Eventually to obtain iii) when x 6= 0 we change variable putting s = 1
t


















while for x = 0 iii) is obvious
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Remark Using the change of variable y = x+2s
√
t =⇒ dy = 2√t ds
we can write solution of (H) as
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
